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The redshift evolution of the growth rate of the gravitational potential, d(D/a)/dz , is an excellent discrimi-
nator of dark energy parameters and, in principle, more powerful than standard classical tests of cosmology.
This evolution is directly observable through the integrated Sachs-Wolfe effect in cosmic microwave back-
ground ~CMB! anisotropies. We consider the prospects of measuring the growth rate via a novel method
employed through measurements of CMB polarization towards galaxy clusters. The potentially achievable
errors on dark energy parameters are comparable and fully complementary to those expected from other
upcoming tests of dark energy, making this test a highly promising tool of precision cosmology.
DOI: 10.1103/PhysRevD.69.027301 PACS number~s!: 98.80.Es, 98.62.En, 98.70.VcOne of the key issues in modern cosmology is developing
efficient and complementary methods to measure cosmologi-
cal parameters and cosmological functions. In particular,
much interest has been devoted to developing methods to
constrain the properties of the mysterious dark energy com-
ponent that causes the recently discovered accelerated expan-
sion of the Universe @1#. To this end, it has been pointed out
that type Ia supernovae, number counts, and weak gravita-
tional lensing are all very promising probes of the dark en-
ergy equation of state w and its energy density relative to
critical VDE ~see @2# and references therein!, and that a num-
ber of other methods are likely to contribute useful informa-
tion.
These cosmological tests probe various fundamental
quantities. For example, type Ia supernovae effectively mea-
sure the luminosity distance, number counts are sensitive to a
combination of the volume element and the growth of den-
sity perturbations, while cosmic microwave background
~CMB! anisotropy effectively determines the distance to the
surface of last scattering. While these tests are well under-
stood and pursued in various observational programs, the
information one can extract from these measurements is lim-
ited by the presence of fundamental degeneracies of cosmo-
logical parameters that enter the observable quantity in ques-
tion.
It is typically advantageous when the measurements in-
volve not the quantity itself but rather its derivatives with
respect to time or redshift, since in that case the dependence
on the equation of state w(z) is more direct. For example,
the Hubble parameter H(z) is more sensitive to the equation
of state than the comoving distance r(z) since r(z)
5*dz/H(z), but the latter has the advantage of being readily
and accurately measurable. In this respect, the linear growth
factor of density perturbations provides important informa-
tion since it is a function of the Hubble parameter and the
equation of state of dark energy w ~see below!.0556-2821/2004/69~2!/027301~4!/$22.50 69 0273As we will show, the rate of evolution of the growth fac-
tor with redshift is a tremendous tool for measuring dark
energy parameters. We will further suggest the integrated
Sachs-Wolfe ~ISW @3#! effect as a probe for this purpose and
propose polarization measurements of CMB anisotropy to-
wards galaxy clusters. The latter provides an indirect method
to extract the temperature quadrupole associated with the
ISW effect as a function of the cluster redshift, with a reduc-
tion in the cosmic variance which plagues large scale tem-
perature anisotropy measurements. To make this study prac-
tical, we consider the prospects of upcoming arcminute scale
CMB polarization observations with instruments such as the
South Pole Telescope ~SPT! and the planned CMBPol satel-
lite mission.
To begin, we review aspects related to the growth of large
scale structure. In linear theory, all Fourier modes of the
density perturbation, d([drM /rM), grow at the same rate:
dk(a)5D(a)dk(a51), where D(a) is the growth factor
normalized to unity today and a5(11z)21 is the scale fac-
tor. In the matter-dominated era D(a)5a , while in the pres-
ence of a smooth dark energy component perturbation
growth slows and D(a) increases less rapidly with a. In
general, the growth function can be computed by solving the
linear perturbation equation d¨ k12(a˙ /a)d˙ k24pGrMdk50
where the dot is the derivative with respect to physical time.
Defining the growth suppression rate ~growth rate relative
to that in a flat, matter-dominated universe! as g(a)
[D(a)/a , and still allowing for a general w(a), one can
write
2
d2g
d ln a2
1@523w~a !VDE~a !#
dg
d ln a
13@12w~a !#VDE~a !g50, ~1!
where VDE(a) is the fractional dark energy density at the
scale factor a. Here we only consider a flat universe, as in-©2004 The American Physical Society01-1
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induces a late-time ISW effect and may be included if de-
sired!. For constant w, the solution is given in terms of the
hypergeometric function @4#, while to compute g(a) and/or
D(a) for a nonconstant w(a) one can either solve Eq. ~1!
numerically or use analytic approximations @5#.
It has long been known that the growth function strongly
depends on VM , the fractional density in matter, and w.
Also, the strength of several cosmological tests, such as
number counts @6#, clustering measured in redshift slices @7#
and weak lensing @8# comes primarily from their dependence
on the growth function D(z). On the other hand, it has been
known that redshift or time derivatives of distance are more
directly related to dark energy parameters; in particular, the
equation of state w(z) is directly related to the first and sec-
ond derivatives of distance with respect to redshift @9#. Un-
fortunately, the derivatives are not directly measured but are
obtained by taking numerical derivatives of noisy data,
which significantly increases the error in the reconstructed
w(z).
It is interesting to examine the sensitivity of the rate of
change of the growth suppression factor to VM and w. To do
this, we first consider constant w, and then a two-parameter
description of time-varying w. For the latter we do not
choose the commonly used w(z)5w01w8z @10#, but rather
w(z)5w01waz/(11z) @11# which is bounded at high red-
shift and facilitates the integration of Eq. ~1!. ~For w8 aficio-
nados, we mention that the error in wa is roughly twice the
error in w8.! Figure 1 shows the error bars in the VM-w
plane ~top! and w0-wa plane ~bottom! using various classical
tests assuming a fiducial model of VM50.3 and w521; we
use the same fiducial model throughout the paper. The cal-
culation uses the Fisher matrix formalism and assumes 10%
measurements in a given quantity at each interval of Dz
50.1 in redshift between z50.1 and z52. We show a vari-
ety of quantities, including the distance r(z), the volume
element r2(z)/H(z) and the growth factor D(z), which are
the most commonly considered probes of dark energy. We
also consider dD/dh (h is conformal time! and dg/dz . As
emphasized in Ref. @12#, dD/dh , which is measured by
large-scale velocities, is mostly sensitive to VM and not w.
What Fig. 1 illustrates is that dg/dz is much more powerful
than other probes due to the specific way the degeneracy is
broken. For example, for the same relative accuracy in ob-
servations, dg/dz is about 15 times stronger than the comov-
ing distance r(z). Of course, this comparison is not neces-
sarily fair, since an enormous amount of work has gone into
developing methods to determine distances, which are now
expected to be measurable to an accuracy of about 1% ~per
interval of 0.1 in redshift! by SNAP @13#, making them the
most direct probes of the cosmological expansion history,
while not much attention has been devoted to the more eso-
teric quantity dg/dz . In the remainder of this paper we show
that there indeed exists a very promising cosmological test
which is sensitive to dg/dz .
The above discussion indicates that it would be ideal to
have a cosmological probe of the evolution of growth sup-
pression, dg/dz . It turns out that just such a probe exists in a
universe that is not matter-dominated at late times. The dark02730energy domination causes the time-variation of the gravita-
tional potential, which in turn contributes to CMB anisotro-
pies through the ISW effect @3#. The resulting temperature
fluctuation is given by
DT ISW~nˆ !522E
0
rrec
dr8
dF~r8!
dr8
, ~2!
where r rec is the radial comoving distance to last scattering
with z rec51100. From Poisson’s equation, „2F
53/2H0
2VM(d/a), it follows that the gravitational potential
F is proportional to the growth suppression g. The ISW
FIG. 1. Errors in the VM-w plane ~top panel! and the w0-wa
plane @bottom panel, with a prior on matter density, s(VM) of 0.01#
assuming a 10% measurement of a given quantity at redshifts z
5@0.1,0.2, . . . ,2.0# . We show errors for distance r(z), Hubble pa-
rameter H(z), growth factor D(z), differential volume element
r2(z)/H(z), dD/dh (h is the conformal time!, and rate of growth
suppression, dg/dz . Note that the latter, dg/dz , is by far the most
sensitive to VM and w. For example, a 10% accuracy measurement
of dg/dz is comparable and complementary to ,1% measurement
of distance.1-2
BRIEF REPORTS PHYSICAL REVIEW D 69, 027301 ~2004!effect therefore gives a direct measure of the integral of
dg/dr ~or dg/dz) computed over some effective time ~or
redshift! interval.
While the ISW effect determined at the present time can
be used as a probe of dark energy @14#, its contribution to
CMB temperature fluctuations is dwarfed by the primordial
anisotropy contribution at last scattering. Though the cross-
correlation between the large scale structure and CMB an-
isotropy fluctuations has been considered as a method to ex-
tract the ISW contribution @15#, such correlations are affected
by the dominant noise contribution related to primary
anisotropies @16#.
There is another way of extracting information captured
in the ISW effect: through the measurement of CMB polar-
ization towards galaxy clusters @17#. The polarization signal
is generated by rescattering of the temperature quadrupole
seen by free electrons in the cluster frame @18#. Provided that
the optical depth to scattering in individual clusters is deter-
mined a priori by other methods, such as the Sunyaev-
Zel’dovich ~SZ @19#! effect, one can measure the quadrupole
at the cluster location with a reduction in cosmic variance
@20#. Note that the quadrupole measured from a cluster at
high redshift is not the same quadrupole as one observes
today due to the difference in the projected length scales.
Since the ISW effect contributes a significant fraction of the
quadrupolar anisotropy at late times, cluster polarization pro-
vides an indirect probe of dark energy. Because clusters can
be selected over a wide range in redshift, the polarization
signal can be measured as a function of redshift and inverted
to reconstruct the evolution of the ISW quadrupole @17#.
The anisotropy quadrupole, C2(z), has two contributions:
one at the surface of last scattering due to the Sachs-Wolfe
~SW! effect, C2
SW(z), and another at late times due to the
ISW effect, C2
ISW(z). We write these two contributions to the
power spectrum, projected to a redshift z, respectively as
C2
SW~z !5
4p
9 E0
‘dk
k DFF
2 ~k ,r rec! j22@k~r rec2r !# ,
C2
ISW~z !516pE
0
‘dk
k DFF
2 ~k ,r rec!
3F E
r
rrec
dr8
1
g~z rec!
d
dr8
g~z8! j2@k~r82r !#G 2. ~3!
Here r is the radial comoving distance out to redshift z and
DFF
2 (k ,r rec)@[k3PFF(k ,r rec)/2p2# is the logarithmic power
spectrum of fluctuations in the potential field at the last scat-
tering surface. We will concentrate on the dark energy prop-
erties, whose effects are dominant at low redshifts, and as-
sume that the parameters that define the power spectrum,
such as the normalization, spectral tilt, and physical matter
and baryon densities VMh2 and VBh2, are known to the
accuracy expected from the Planck mission with polarization
information @22#. Given these priors, the SW contribution is
then known to a few percent accuracy. Also note that, con-
veniently, only the large scales in the power spectrum con-
tribute to the ISW effect, so that we do not need to consider02730thorny issues related to small-scale nonlinear structures and
additional parameters such as the neutrino mass. There is one
complication related to the fact that for models with w!
21, the dark energy component is expected to cluster such
that the quadrupole amplitude is suppressed. The dark energy
clustering also leads to a scale dependent growth function
instead of the scale independent one considered here. For
now, we ignore this subtlety since we focus on models where
w;21. Moreover, we do not expect this issue to be impor-
tant since by renormalizing the quadrupole, as a function of
redshift, to its value today, we extract information from the
quadrupole evolution and not its absolute amplitude.
The galaxy cluster polarization signal arises from the res-
cattering of the quadrupole which receives a contribution
from C2
ISW(z) at low redshifts. Reference @17# discussed how
well this quadrupole can be measured as a function of red-
shift with Planck and a ground-based experiment with sig-
nificant instrumental noise. In the top panel of Fig. 2 we
show the projected ISW contribution to the temperature
quadrupole as a function of redshift, and expected errors for
a ground-based survey targeting clusters down to a mass
FIG. 2. Top panel: the projected ISW quadrupole as a function
of redshift. The solid error bars assume a reconstruction with clus-
ters down to 1014 M( in an area of 104 deg2 with an instrumental
noise of 0.1 mK. The dotted lines show the cosmic-variance for an
all-sky reconstruction computed from the number of independent
volumes sampled by clusters at each redshift bin @20#. The dot-
dashed curve is a late-time transition model for the dark energy
studied by Ref. @21# with w(z)5w f /$11exp@(z2zt)/D#%. We illus-
trate the redshift dependence of the quadrupole, normalized to the
quadrupole-today, with parameters w f521, zt52, and D5zt/30.
Bottom left: Parameter errors from the projected ISW quadrupole
measurements, assuming w5const. The small ellipse is for the case
shown in the top panel ~with cosmic variance added in quadrature!,
while the two larger ellipses assume a factor of 3 and 10 increase in
the instrumental noise contribution, respectively. For comparison,
we also show the constraints expected from SNAP. When the most
optimistic polarization information is added, SNAP’s constraints on
w improve by a factor of 4. Bottom right: same, but for w0 and wa
and assuming an additional prior s(VM)50.01.1-3
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strumental noise for polarization observations of 0.1 mK.
Note that we use clusters only as tracers of the quadrupole;
the proposed test is therefore insensitive to the exact number
of clusters and its dependence on cosmology.
We assume four channels for these observations so that
the ISW quadrupole can be separated from the contribution
of the kinematic quadrupole. The latter has a distinct spec-
trum and the separation based on frequency information
leads to an overall increase in noise by a factor of 2 to 3
depending on the exact frequencies of channels selected.
Note that we have assumed an instrumental noise of 0.1 mK
for these observations. While a polarization sensitive detec-
tor array on the SPT can be expected to reach noise levels of
;1 mK or less per pixel, we have assumed an order of mag-
nitude reduction in noise, as expected from the planned
CMBPol satellite mission. Since the expected noise level for
arcminute scale polarization observations from such a mis-
sion is not currently defined, and to consider ground-based
efforts such as the SPT, we have considered the range of
values between 0.1 and 1 mK so as to obtain some guidance
on how well cluster polarization measurements with noise in
this range can be used to probe dark energy.
In addition to instrumental noise, the polarization mea-
surements are subject to cosmic variance. This variance is
determined by the number of independent volumes that last
scattering spheres of individual clusters, in some redshift bin,
occupy @20#. Dotted lines in the top panel of Fig. 2 show the
cosmic variance contribution for an all-sky experiment. As
one moves to higher redshift, the number of independent
samplings of the local quadrupole increases, leading to a
reduction in cosmic variance. The expected redshift distribu-
tion of clusters peaks at redshifts around 1–1.5 where it pro-
vides the best estimate of the local quadrupole, while errors
increase at very low and high redshift due to the smaller
number of clusters.
To consider how well these observations can be used to
understand dark energy parameters, we again perform a
Fisher matrix calculation. The bottom panels of Fig. 2 show
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